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A  GENERAL  MINIMAL  REPAIR 
MAINTENANCE  MODEL 

by 

H.W.  Block,  W.S.  Borges  and  T.H.  Savits 


ABSTRACT 

A  general  model  is  introduced  which  incorporates  minimal  repair,  planned 
and  unplanned  replacements,  and  costs  which  depend  on  time.  Finite  and  in¬ 
finite  horizon  results  are  obtained.  Various  special  cases  are  considered. 
Furthermore  a  shock  model  with  general  cost  structure  is  considered. 
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1. _ Introduction 


Most  of  the  literature  concerning  the  stochastic  behavior  of  repairable 
systems  assumes  that  when  a  unit  is  repaired,  it  becomes  as  good  as  new. 

Although  this  assumption  provides  a  technical  convenience,  in  many  situations 
it  is  not  realistic.  A  more  realistic  situation  is  that  when  the  unit  is 
repaired,  it  is  restored  to  its  functioning  condition  just  prior  to  failure. 

This  is  called  minimal  repair.  Several  authors  have  discussed  this  situation. 
See  for  example  Ascher  and  Feingold  (1979)  and  the  references  contained  in  that 
paper. 

Barlow  and  Hunter  (1960)  considered  minimal  repair  in  the  case  of  periodic 
replacement  or  overhaul  at  times  T,2T,3T,...  (for  some  T>0)  and  minimal 
repair  if  the  system  failed  otherwise.  They  considered  costs  'c^  of  replacement 
and  for  each  minimal  repair.  This  model  has  been  generalized  by  Beichelt 
(1976),  Boland  and  Proschan  (1982)  and  Boland  (1982) . 

In  this  paper  a  general  model  which  incorporates  minimal  repair,  planned 
and  unplanned  replacements,  and  costs  which  depend  on  time.  The  model  is 
described  explicitly  at  the  beginning  of  the  next  section.  The  expected  long 
run  average  cost  is  derived  for  this  model  and  optimization  results  are  obtained 
in  both  the  finite  and  Infinite  horizon  case.  A  shock  model  similar  to  the  one 
of  Boland  and  Proschan  (1983)  is  proposed,  but  with  general  cost  structure. 

As  special  cases,  various  results  from  Barlow  and  Proschan  (1965)  are  obtained 
as  well  as  many  of  the  results  of  Beichelt  (1976),  Boland  and  Proschan  (1982) 
and  Boland  (1982) . 

In  Section  2,  the  model  is  described,  then  the  total  expected  long  run 
cost  per  unit  time  is  found.  Theorem  2.10  gives  a  general  optimization  result 
for  the  infinite  horizon  case.  Theorem  2.13,  2.14  and  Corollary  2.15  give 
finite  horizon  result.  Also  various  special  cases  are  detailed. 

Section  3  contains  the  shock  model  with  general  cost  structure. 
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2.  General  model 

We  consider  a  preventative  maintenance  model  in  which  minimal  repair  or 
replacement  takes  place  according  to  the  following  scheme.  An  operating  unit 
is  completely  replaced  whenever  it  reaches  age  T  (T  >  0)  at  a  cost  Cq  (planned 
replacement).  If  it  fails  at  age  y<T,  it  is  either  replaced  by  a  new  unit 
with  probability  p(y)  at  a  cost  c  (unplanned  replacement),  or  it  undergoes 

<30 

minimal  repair  with  probability  q(y)  *l-p(y).  The  cost  of  the  i-th  minimal 
repair  is  c^(y).  After  a  complete  replacement  (i.e.,  an  unplanned  or  planned 
replacement  by  a  new  unit),  the  procedure  is  repeated.  We  assume  all  failures 
are  instantly  detected  and  repaired.  We  always  assume  Cg>0. 

The  survival  distribution  F(y)  of  a  unit  is  assumed  to  be  a  continuous 
function  of  y.  If  no  planned  replacements  are  considered  (i.e.,  T = ®) ,  the 
survival  distribution  of  the  time  between  successive  unplanned  replacements 
is  given  by 


(2.1) 


y»> 


p(x)F  (x)dF(x) ) . 


.See  Block,  Borges,  and  Savits  (BBS)  (1982)  for  a  derivation  of  this  result. 

Let  Y, ,Y„,...  be  iid  random  variables  with  survival  distribution  F  and 
12  p 

*  * 
set  Y^Y^AT  (where  a  a  b  *  min(a,b))  for  i  =  l,2,...  .  Let  B.^  denote  the  operational 

*  *  * 

cost  over  the  renewal  inte,rval  Y^.  Thus  ((Y^.R^)}  constitutes  a  renewal  reward  process. 
If  K(t)  denotes  the  expected  cost  of  operating  the  system  over  the  time  in¬ 
terval  [0,t],  then  it  is  well  known  that 


(2.2) 


t-*» 


E[R*] 

EIY*] 


(See,  e.g.,  Ross  (1970),  page  52).  We  shall  denote  the  right-hand  side  of 


(2.2)  by  B(T) . 
Since  E[y! 


r 

*’ '  f. 


F  (t)dt,  we  need  only  evaluate  E[R,].  Using  the  techniques 
P  1 


of  BSS  (1982) ,  one  obtains  that 


(2.3)  EfR^  -cFp(T)+c0Fp(T)+j  q(y)h(y)  exp  { 


where 


fyq(z)F_1 

■<0 


(z)dF(z) }dF(y) , 


*  y  y 

(2.4)  h(y)  -  l  c .  . (y)  exp{-  q(u)F  _1  (u)dF(u) }  77  (  q(v)F -1  (v)dF(v)) 3 . 

j=0  3  Jo  J-  Jo 

The  tedious  but  routine  details  are  contained  in  the  Appendix.  If  M(y>  denotes  a 


nonhomogeneous  Poisson  process  with  mean 
write  (2.4)  as 


|yq(u)F_1 


(u)dF(u),  then  we  can  also 


(2.5) 


h(y)  =  E[cM(y)+l(y)1> 


(2.6)  Remark.  We  shall  only  consider  cost  structures  such  that  h(y)  is 
finite  for  all  y^O. 

2.1  Infinite  horizon. 

For  the  infinite  horizon  case  we  want  to  find  a  T  which  minimizes  B(T) , 
the  total  expected  long  run  cost  per  unit  time.  Recall  that 


(2.7)  B(T) 


r  fy  _  _i 

c  F  (T)+c_F  (T)  +  q(y)h(y)  exp{  q(z)F  (z)dF(z) }dF(y) 

*  P  0  P  Jn  Jo 


Fp(y)dy 


Ue  now  assume  that  F  is  absolutely  continuous  with  failure  rate  function  r  and 
that  the  functions  r,  p  and  h  are  continuous.  In  this  case  we  can  differen- 

Jn 

tiate  B  with  respect  to  T.  Hence  -nr  *  0  if  and  only  if 


(2.8) 


0  -  {[  lp(T)r(T)  -  p(y)r(y) ]F  (y)dy] [c^-c-  h(T)]  -  cQ 
JQ  P 

+  [  [h(T)-h(y)]r(y)q(y)F  (y)dy  +  h(T)f  [r(T)  -  r(y)]F  (y)dy. 

JO  p  J  0  P 

We  can  also  rewrite  the  above  as 

(2.9)  0-  {|T[p(T)r(T) -p(y)r(y)]Fp(y)dy}[ceo-c0] -cQ 

+  [  [h(T)r(T)q(T) -h(y)r(y)q(y)]F  (y)dy. 

J0  P 

(2.10)  Theorem.  Let  F  have  failure  rate  r  and  suppose  that  the  functions  r, 
and  h  are  continuous.  Then  if  either 

(a)  r,p«r  and  h  are  increasing  with  r  unbounded  and  +  h(T)  < c^ 

for  all  T^O, 
or 

(b)  (ca>-c())p(y)r(y) +h(y)r(y)q(y)  increases  to  +  »  , 

then  there  exists  at  least  one  finite  positive  Tq  which  minimizes  the  total 
expected  long  run  cost  per  unti  time  B(T).  Furthermore  if  any  of  the  func¬ 
tions  in  (a)  or  (b)  are  strictly  increasing,  then  Tq  is  unique. 

Proof.  If  the  conditions  of  the  theorem  are  satisfied,  then  the  right-hand 
side  of  (2.8)<£2.9))  is  a  continuous  increasing  function  of  T  which  is  nega¬ 
tive  (~Cq)  at  T-0  and  tends  to  +  «  as  T+  +®.  Hence  there  is  at  least  one 
value  «®>Tq>0  which  satisfies  (2.8)  ((2.9)) .  Since  B'(T)  has  the  same  sign 
change  pattern  (-,0,+),  it  follows  that  B  has  a  minimum  at  Tq.  Under  the 
strict  increasing  assumption,  B(T)  is  strictly  increasing  and  so  Tq  is 
unique . 

(2.11)  Remark.  If  c^(y)  increases  in  j  and  y,  then  h(y)  is  increasing.  If 
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also  Cj  is  continuous  and  h(y)  is  finite  for  all  y  >_0,  then  h(y)  is  continuous. 
(2.12)  Special  cases; 

Case  1  (p=0).  This  case  corresponds  to  the  situation  of  minimal  repairs  with 
no  unplanned  replacement.  It  is  more  general  than  the  model  considered  by 
Boland  (1982)  since  the  cost  of  minimal  repairs  c^(y)  depends  on  the  number 
j  as  well  as  the  age  y.  Now  (2.7)  reduces  to 


-1  fT  -  -1 

B(T)  *  T  L[cQ  +  j  h(y)F  (y)dF(y)] 


and  (2.9)  becomes 


[h(T)r(T)  -  h(y)r(y)]dy. 


Thus  a  minimum  exists  if  h(y)r(y)  increases  to  +  <*>. 

Ca,«e  la  (P=0,  Cj(t)*c(t)).  This  was  the  case  considered  by  Boland  (1982).  Here 

h(y)  ■  c(y) .  One  special  case  where  the  condition  in  the  theorem  holds  is  when 
c(t)  is  increasing  to  -  and  F  is  IFR. 

Case  lb  (p=0,  Cj(t)  *Cj).  Boland  and  Froschan  (1982)  investigated  this  case. 

In  particular  they  considered  the  cost  structure  c^  »a  +  jc. 

Case  2  (p=l) .  This  corresponds  to  no  minimal  repair  (i.e.,  only  complete 
replacements)  and  reduces  to  the  classical  age  replacement  situation  considered 
by  Barlow  and  Proschan  (1965).  Now  (2.7)  becomes 


B(T)  - 


cF(T) + cQF(T) 


[  F(y)dy 
Jn 


and  (2.9)  reduces  to 


c0  ■  <c.“c0)|  [r(T)-r(y)]F(y)dy. 


Hence  if  (em-e^)r(y)  Increases  to  +  »,  we  obtain  a  minimum.  Barlow  and  Proschan 
(1965)  have  the  equivalent  condition  that  Cq  < c^  and  r(y)  increases  to  ». 
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Case  3  (p(t)Hp,  0<p<l) .  In  this  case  we  are  assuming  tha.t  the  probability 
of  a  complete  unplanned  repair  (and  consequently  minimal  repair)  does  not 
depend  on  age.  Thus  (2.7)  is 


B(T) 


and  (2.9)  becomes 


fT 

cJl-FP(T)]  +cqFP(T)  +q  j  h(y)Fq(y)dF(y) 


r* 


Fp(y)dy 

J0 


fT 


c0*  p(c»“co)j  tr(T)_r(y)]FP(y)dy 

fT 

+  q  [h(T)r(T)  -  h(y) r(y) ]Fp(y)dy . 

}0 

Therefore,  if  {p(c<D-CQ)r(y)+q  h(y)r(y)}  increases  to  +  <*>,  we  again  achieve  a 
minimum. 

Case  4  (c^(t)=c).  Here  the  minimal  repair  costs  depend  on  neither  age  nor 
number  and  so  h(y)  =c.  Beichelt  (1976)  considered  this  case.  Equation 
(2.7)  becomes 

fy 


B(T) 


r1  ry  --i 

c»Fp^T^  +c0Fp^  +c  exP*J  9(z)F  (z)dF(z)  }dF(y) 


s 

Jo 


Fp(y)dy 


(c  -en)F  (T)+c.F  (T)  +c 

“Up  Up 


fTF  (y)F'1 

Jo  p 


(u)dF(y) 


F  (y)dy 


which  is  equation  (6)  of  Beichelt.  Equation  (2.8)  takes  the  form 


crt  ”  (c 
0  00 


~c0~c){  tP(T>r(T)  -P(y)r(y)]Fp(y)dy 


rT  -  1 

+  c  [r(T)  -  r(y))F  (y)dy. 

Jo  p 


4 
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Hence  if  {(co#-CQ-c)p(y)r(y)+c  r(y)}  increases  to  ,  then  a  minimum  exists.  A 
special  case- occurs  whdn  Cg+c < cm  and  r  and  p  are  increasing  with  r  unbounded. 

2.2  Finite  horizon. 

In  this  section  we  consider  the  problem  of  finding  the  minimum  cost  over 
a  fixed  time  horizon  [0,s).  Since  the  general  problem  is  quite  involved, 

■vd  only  consider  the  case  p=0;  i.e.,  no  unplanned  replacements.  This  ex¬ 
tends  the  results  of  Boland  and  Froschan  (1982). 

For  the  case  pHO,  one  can  show  using  the  techniques  of  BSS  (1982)(as  in  the 
Appendix)  that  the  expected  cost  on  [0,t]  due  to  minimal  repalxs  only  is  given  by 


f  t*h  (y)  F~ 1 

J0 


(y)dF(y) , 


where  h(y)  is  as  given  in  (2.4)  or  (2.5)  with  q=l;  i.e.. 


«y>  -joVl<y>  ^ 


and  R(y)  *  -  log  F(y)  is  the  hazard  function  of  F.  Again  we  only  consider 
cost  structures  such  that  h(y)  <  <*>  for  all  0<y<s.  We  will  assume  without  loss 
of  generality  that  the  original  cost  of  the  system  is  zero. 

(2.13)  Theorem.  The  expected  cost  in  [0,s)  of  our  model  with  p=0  is  given  by 


K  (T) 


f  (k-l)cn  +  k  f  h(y)F"1(y)dF(y) 

T  ° 

Lkc.+ k  I  h(y)F“1(y)dF(y)  +  [  h(y)F_1 

u  Jn  Jo 


if  kT  -  s 


(y)dF(y)  if  kT<s<(k+l)T. 


Furthermore  K  is  continuous  on  [0,s]  except  possibly  at  the  points  s, s/2, s/3,. . . 
s 

and  right-continuous  at  these  points.  Note  that  for  T>s  the  cost  on  [0,s)  does  not 
include  the  planned  replacement  cost. 

Proof.  From  our  original  assumption  that  F  is  continuous,  the  function 


j1 h(y)F_1 


(y)dF(y)  is  continuous.  The  result  follows  easily  from  this. 


- j 
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(2.14)  Theorem.  Let  F  have  failure,  rate  r  and  suppose  that  the  function  r*h 

is  increasing  and  continuous  on  [0,s].  Then  K  (T)  is  minimized  on  [0,s]  at 
one  of  the  points  s,s/2,s/3 . 

Proof .  For  Te  (s/k+1,  s/k)  ,  we  have 

dK  (T) 

— -  k[h(T)r(T)  -hCs-kT)r(s-kT)]. 
dK  (T) 

Thus,  by  our  assumptions,  — ^ —  is  nonnegative  and  the  conclusion  follows. 

(2.15)  Corollary.  Let  F  be  IFR  with  a  continuous  failure  rate  r  on  [0,s]. 

If  the  functions  Cj(u)  are  continuous  and  increasing  in  j  and  u  for  0<u<s, 
then  the  results  of  Theorem  2.14  hold. 

Proof.  One  can  show  that  our  assumptions  on  c j Cu)  imply  that  h(y)  is  in¬ 
creasing  and  continuous  in  0<y<s.  See  Remark  (2.11). 

3.  Shock  model 

In  Boland  and  Proschan  (1983)  a  system  which  is  subject  to  shocks  is 
considered.  Under  a  simple  cost  structure  the  problem  of  optimum  replace¬ 
ments  is  considered.  In  this  section  we  examine  a  similar  system  but  with 
general  costs  which  depend  on  the  number  of  shock  and  the  time  at  which  it 
occurs . 

We  consider  a  system  which  is  subjected  to  shocks  at  times  S^S^,... 
according  to  a  nonhomogeneous  Poisson  process  {N(t) ,  t>0)  having  mean  function 
A(t).  The  cost  of  operating  the  system  per  unit  time  in  [S^_^,Sj)  is  c^ (u) 
for  u>,0  and  j-1,2,....  The  system  is  periodically  replaced  at  times  T,2Tt... 
at  a  fixed  cost  of  Cq  and  the  shock  process  resets  to  zero  at  each  of  these 
replacements. 
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If  k  shocks  occur  in  [0,T) ,  the  cost  of  operating  the  system  is  given 


by 


C(T) 


k-1  r°j+l 


K-X  f 

J 

j-o  J; 


T 

cJ+1(„,du  +  {  W»H„.^Jsat  cj+1(»)dU. 

J  k  j 


»  t 

*1  J 

j=o  J: 


Sj+iAT 


Thus  the  expected  cost  is 


oo  oo  ,Sj+iAT 


K(T)  =  E[C(T) ]  ■  l  l  E[l  c  .(u)du;  N(T)«k] 

k-0  j-0  3  Sj  AT  3  1 


00  00  MCO 

-o  j^oElJo  ci«(u)1[sjAi,sj+1Ai)<'‘>d"!  «»-W 


00  00  [ 

l  l  <^(^£[1 

t-0  1=*0  J I 


k-0  j-0 


j+l(u)EtI[SjAT,Sj+1AT)(u) ;  N(T>  =  k]du. 


For  j  -  0,1, . . . ,k-l  and  0<u<T, 


EII[SjAT,Sj+1AT)(u)jH(T)%kJ  “  PtSjl  u<Sj+1;N(T)=k] 

-  P[N(u)  *  j ;N(T)-N(u)  *  k-j] , 

and  for  j  0<u<T , 

ElI[SkAT,Sk+1AT)  (u)  ;N(T)  "  k]  "  P[Sk-U  *  T  <  Sk+13 

-  P[N(u)  *  k,N(T)  -  N(u) =  0] . 

Thus 

00  00 

K(T)  -  I  I  c  <u)  Wu)  -  j]P[N(T)-N(u) «k-j]du 
k-0  j-0  h  3+A 

j-T  *  oo 

■  I  c1+1<u)  ptN(u)-J]  l  P[N(T)-N(u) -k-j]du 

J0  j-0  3+1  k-j 


H(T) 
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00  r  T 

where  h(u)  =J  cj+i^u^  pfN(u)  *  J]  =  e^cn(u)+;i/u^  and  H(T)  *  j  h(u)du. 


3.1  Infinite  horizon. 

We  consider  the  process  on  [0,s).  Again  we  may  assume  without  loss  of 
generality  that  the  cost  of  the  original  system  is  zero.  Then  the  expected 
cost  on  [0,s]  is  given  by 


m[H(T)+cQJ  +  H(s-mT)  if  mT<s<(nH-l)T 


(3.1) 


K  (T)  = 
s 


m  H(T)+(a-l)c. 


if  mT  =  s . 


Thus  the  long  run  expected  cost  per  unit  time  is 


(3.2) 


B(T)  =  lim 


Kg(T)  H(T)+cQ 


S“H» 


which  is  the  average  cost  over  (0,T].  So  to  minimize  the  long  run  average 

cost  we  want  to  minimize  B(T).  Assuming  that  h(u)  is  continuous,  the  condi- 
dB 

tion  =  0  is  equivalent  to  the  well  known  condition 
aT 


(3.3) 


[h(T)  - h(u) Jdu  = Cq. 


The  following  result  is  now  easy  to  derive. 

(3.4)  Theorem.  If  there  exists  an  inverval  [0,b),  0<b<^>,  on  which  h(u)  is 
continuous,  increasing  and  unbounded,  then  there  exists  a  solution  0<T^® 
to  equation  (3.3).  Furthermore,  if  h(u)  is  strictly  increasing,  then  the  solu¬ 
tion  is  unique. 


(3.5)  Remark.  As  before  if  c^ (u)  increases  in  j  and  u,  then  h(u)  is  increas¬ 
ing.  If  also  each  Cj(u)  is  continuous,  A(u)  is  continuous,  and  h(u)  is 
finite  for  u>0,  then  h(u)  is  continuous. 


3.2  Finite  horizon. 


As  noted  before,  the  expected  cost  on  [0,s)  is  given  by 

[m[H(T)+c0]+H(s-mT)  if  mT<s<(m+l)T 

mH(T)+(m-l)cQ  if  mT  ■  s. 

We  now  want  to  minimize  Kg(T)  for  fixed  s.  The  proofs  of  the  following  re¬ 
sults  are  similar  to  those  in  section  2.2. 

(3.7)  Theorem.  The  expected  cost  Kg(T)  on  [0,s)  is  given  by  (3.6).  If  H(u) 
is  continuous  on  [0,s],  then  Kg  is  continuous  on  [0,s]  except  possibly  at  the 
points  s, s/2, s/3, .. .  and  right-continuous  at  these  points. 

(3.8)  Theorem.  Assume  that  h(u)  is  continuous  and  increasing  on  [0,s].  Then 
Kg(T)  is  minimized  on  [0,s]  at  one  of  the  points  s,s/2,s/3 . 

(3.9)  Note.  The  Remark  (3.5)  is  also  pertinent  here. 
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Appendix 


In  this  section  we  present  the  detailed  calculations  of  the  expression 

given  by  (2.3).  We  closely  follow  the  techniques  and  notation  of  BBS  (1982). 

As  in  BBS  (1982)  we  let  {(S^\z^);  n>l)  be  a  sequence  of  random 

n  n  — 

variables,  where  S^  >0  denotes  the  time  of  the  nC^  repair  and  =  0  or  1 

n  —  n 

indicates  a  minimal  or  a  complete  repair  at  time  (S^  *0,  =0), 

respectively.  We  consider  the  process  only  up  to  the  first  complete  repair 

time  Y  a  q(1)  T.rhai.a  M  —  In  *  7^^^  all  TVion  frnm  TTlonrom  A  A  nf  II 


Sv  ,  where  v  =  inf{n:  Zv  -1}.  Then  from  Theorem  A. 4  of  BBS  (1982) 
v-1  n 


the  (S''  1 }  ,  are  the  jump  times  of  a  nonhomogeneous  Poisson  process  with  mean 

n  n3!  "  ~ 


function 


ft  ri 

Jn 


(y)dF(y).  Furthermore  if  p  is  such  that 


I  p(y)F-1 

J0 


(y)dF(y)  =®, 


then  by  Theorem  A. 5  of  BBS  (1982)  Y.  has  distribution  F  (y)  given  by  (2.1). 

1  P 

Since 


Y1<T]+EIR1;  Y^T) 

it  suffices  to  compute  each  term  separately.  First,  since  Y^ = S^^  If 

only  if  Z,(1)-. .  .=Z(1)  =0  and  =1,  we  have 
^  1  n  n+1 


00  n-1 


E[R^;Y1  <  TJ  =  cJpCT)  +  l  E  EXCj  (S^V;  <  TJ 

-c«FpCT)+J2  YbIcjCS^^S  Zia)-ftt-ZjJL>-0,  z£*-l,  S^X<TJ 

00  OO 

mcJnW+l  l  Eic,(S,a))p(sfI))  n  q(Sah:  Sa)  <Tj. 

P  j-ln=j+l  2  2  °  i-2  1“i  n 

where  the  last  equality  follows  from  (A. 3)  of  BBS  1982).  We  now  consider  one  of 

the  summands  for  n>J+l.  Again  using  (A<3)  of  BBS  (1982) 

Etc.(SCl))p(S^1))  n  q(S.ClJ);  S  <  TJ 
J  J  n  i=2  1-1  n 

F  _ i  — 2  fT _ i 

-  F  A(s  )q(s  )  F  A(a  )q(*  )-.  F  A(s  .)qCs.)c,  (s .)  F  i(s,,.)q(s. 

J0  sl  aj-i  3  2  2  2  Js,  21  J' 

J  J 

•  .  rllVl>’<s„-l)J  "<«l> 


.a)s.  _„ci)_A 
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fT  rs  .  rsi+l  i  fs1 _ 1 

-  P(s  )  nrXCs  )q(s  )...  F  Cs  )q(s  )c  Cs  )(|  F  (s  )q(s  ) 
0  JO  n_1  n  1  i0  j  J  3  J  J0  3  1  3 

»s 

•  2  F'1(s1)q(s1)dr(s1)...dF(s  1)}dF(s  )...dF(sn) 

Jq  J  J  * 

*  P^of  n  F  1Cs  JqCs  ,).••[  ^+1  F-1(s.)q(s  )c.(s  ) 

J  0  n  J  0  1  1  ■'0  3  3  3  3 

*  {7T-lT!  [  ^  F_1tu)qCu)dFCu)3j‘;L}dF(s  )...dF(sn) 


=  p(s  )  n  ^(s.JqCsJc^s.HT^-irrr  [  “  T^ujq  (u)dF(u)  ] j‘1} 

Jq  n  J  o  3  3  3  3  U“l) !  JQ 

’  'I,  ^j+l>’^+1,“lsn  El(*rl)t<Vl>®<,n-l1-®tVl)W(,j)d't’.: 

s  j  n-2 

*  l0Ptsn)l0U^(sj)'lCsj)cJCsj>‘-JHTT  ijVWjW1) 

*  {7^pijT  lJ8n-F'1Cv)qCv)dFCv)3n"j”1}dFCsj)dFC8n). 

S3 

us 

l  Etc  (s(1))p(s^1))  n  q(s.ah;  sCi)<t3 

n-j+1  j  J  n  i-2  i_1  n 

■  jQP(w)|  r1C2)qCz)cj  Cz){-(jj^T  1 1  F"iCu)qCu)dF(.u)];l"1} 

•  exp{|WF-1Cv)qCv)dFCv)}dFCz)dF(w) 


and  so 


*  fT  fw _ •, 

E[R1;Y1<T]-ca#Fp(T)+j^pCw)exp{j^  F  A(v)q Cv)dF(v) } 

rw  •  « 

•  C  l  ci(«)(77.ni  t  F  1(u)fl(u)dF(.u)]:3"1»F“1Cz)q(z)dF(.z)dFCw) 
J0j*l  J  VJ  '  Jo 

*  c.F0<T)  +  f  P(w)exp{  F_1(v)qCv)dF(v)}fWF-1Cz)qU)h(z)dF(z)dF(w), 

*  * 0  JO  Jn 


where 
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h(*)-J  cJ+1(z)exp{- 


J-0 


F_1Cu)q(u)dFCu)}  jy  [f  F^OOqCvidFCv)]- 


^0 


Similar  calculations  for  the  term  ElR^  Y^TJ  are  given  below 

VeIc^CS^)^1}  <T<f(1) 

j 

<»  n-1 

j 

,(D 


E(R*:T.iT]-C  F  (T)+f  “i1E[cJ(S,a>);s'»<T<sf),  V  >T] 

11  up  n-2  j=l  J  J 

-  c0t  m+i  ThujcS‘1>)=2<1)--z‘1>-o.s<»<t<s<») 
p  n=*2  j-1  J  J 


'  C»'FP(I)+J1n-IJ+1EtCJCSJ1),^q<S")i  S"<T-»1)J- 


For  n^ j  +  1, 


E[c  (s(1))  n  qCS^b;  S^}<T<  S^1}] 

J  J  1~'L  n 

.  jVi<.1),(Si)jV1u2>,(s2>-{* 

0  1  3 

rT  i  r 

F'i(s  ,)q(s  .)  dF(s  )dF(s  )...dF(s  ) 

Is-  n-1  ’  n-1  ,  —  n  n-1  1 

J  n-2  l 

-  f<T>  |yi<Vl)’<Sn-l)|^’lrl<V2)',:8»-2)“l01,'lrl(S 

.  [  [9j  T\s  )q  (s  )  . . .  f2  F^Jq  (s1)ldF(s1)  . .  .dF(s^ 

J 0  ^  ^  ^  0 


T  g 

F(T)  j  5"1(Vl)q<Vl)**’  j+1  ^"1(sj)<l(sj)cj(sj) 


*  t  (jii)T  tj  ^  F_1(u)q(u)dF(u)]^  1}dF(Sj)  . .  •dF(sti_i^ 

f  (T)  J  f"1  (Sj  )q  )gj  <8j  ) {  ( l}  ^  F”1(u)q(u)dF(u)]^ 

f  7 

•[  {  r1<.j+1),(.J+1)...J  r1  (sn.i),i <vi)dF(v 


^9j+iJq^sj+i)"' 

)q  (sj)cj  (sj) 

> 


L)...  dF(sj+1)]dF(Sj) 


F(T)  V1(sj)q(sj)cj(sj){-^yj-  [|  j  F'1(u)q(u)dF(u)]j  1 } 
0 

p 

*  {faIjrr)T  [  ^^^qCvidFCviJ^'hdFCSj). 


Consequently , 


fT  rT 

E[R*;Y  >  T]  “  c.F  (T)+F(T)  exp  { I  F-1(v)q (v)dF(v) }  F_1(z)q  (z)h(z)dF(z) , 

1  1“  0  P  Jq  J0 


and  so 


SIV  -  Fp(«+<=05P(I> 

+  p(w)  exp  {  ^F  ^ Cv)q (v)dF(v)  }  |  F  (z)q  (z)h(z)dF(z)dF(w) 

J0  J0  J° 

+  F(T)  exp  {f  F-1(v)q(v)dF(v)}[  F~1(z)qCz)h(z)dF(z) . 

JO  J0 

But  since  expj  F'1(v)q(v)dF(v)  }  -  F_1  (w)  exp{-  j  F^yjpfy)  dF(y)  »  we  obtain 
JO  J0 

pCwJexplTr1^)  q(v)dF(v)}|  F1(z)  q(z)h(z)dF(z) 

o  'o  Jq 


(z)h(z)dF(z) 


rT  rT  i 

-  F  (z)  q(z)h(z)p(w)  «xp{ 

*  0  V. 


)  F"1(y)  q(v)dF(v))dFCw)dF(z) 
>0 


-  f  F_1Cz)q(z)h(z)[  F"l(w)p(w)exp{-  j  F1(y)p(y)dFCy)}dFCv)JdF(z) 

JO  z  ;0 

fT  rz  fT . 

-  F-1(z)q(z)h(z)  [exp{-  F"1(y)p(y)dF(y)}-exp  {-  F  (y)p(y)dF(y>JdF(z) 

Jq  ■'0 

»  [  F1(z)q(z)h(z)exp{-  [  F”*(y)p$r)iF(y)}dF(z) 

JO  J0 

-F(T)exp{]  f”1(y)q(y)dF(y)}[  F”1(z)q(z)h(z)dF(z) . 

Jn  Jo 


c  F  CT)  +  f  F-1Cz)q  Cz)hCz)  exp{-[  F_1(y)p(y)dF(y)}dF(z) 

0  p  Jo  J0 

(■T  rz _ , 

c  F  (T)  +  I  q(z)h(z)  exp{  F  (y)q(y)dF(y)}dF(z). 

0  P  Jq  J0 
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